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■ Abstract: In this paper, we prove global well-posedness and scattering for 
r~| , the defocusing, cubic nonlinear Schrodinger equation in three dimensions 

when n = 3 when uq € H S (R 3 ), s > 3/4. To this end, we utilize a linear- 
nonlinear decomposition, similar to the decomposition used in |12j for the 
'— — wave equation. 

> ' 

o 

\0 . 1 Introduction 

<N ■ 

The defocusing, cubic nonlinear Schrodinger equation in three dimensions, 

O ■ 

_ . iut + Au = \u\ u, 

ON . (11) 
O. u (0,x) = u {x) € iT(R 3 ). 

. i-H ! has been the subject of a great deal of attention recently. In [3j it was proved 

X ' that ([LID has 

a local solution on some interval [0,T), ^(H^o |] J p/ s (R. 3 )) > 

■ when no € fP(R 3 ), s > 1/2. There is also a local solution on [0,T), 
T(uo) > when uq £ ij 1//2 (R 3 ). In this case T > depends on the profile 
of the initial data, not just its size. If Ijuoll^i^pS) is small, then (II. ip is 
globally well-posed and scatters. 

If s > 1/2 and a solution to (jl.lh only exists on a maximal interval [0, T*), 
T* < oo, then 

1™ im*)llifs(R3) = °o. (I- 2 ) 

t/ 1 * 
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[3] proved (|l.ip is globally well-posed in the defocusing case when s = 1, 
due to the conservation of mass and energy. 



M(u(t))= / \u{t,x)\ 2 dx = M(u(0)), (1.3) 



E{u(t)) = -J \Vu(t,x)\ 2 dx + ^J \u(t,x)\ A dx = E(u(0)). (1.4) 
Remark: This argument will not work for the focusing equation since 

E(u{t)) = -J \Vu(t,x)\ 2 dx --J \u(t, 
is not positive definite. 



x)\ 4 dx, 



Recently, the gap between regularity necessary for local well-posedness and 
global well-posedness has been narrowed. In [6], the I-method was intro- 
duced, proving global well-posedness of for s > 5/6. In [7], an in- 
teraction Morawetz estimate was proved, thereby improving the result to 
s > 4/5. 

In a parallel vein, the I-method has also been applied to the semilinear wave 
equation, 

duu — Au = — u 3 , 

u(0, x) € H S (R 3 ), (1.5) 

u t (0,x) € iT^R 3 ). 

In |12j . a linear-nonlinear decomposition was made, more effectively esti- 
mating the energy change for large times. In this paper, we will make a 
similar argument, proving 

Theorem 1.1 (I 1. 1\ is globally well-posed for s > 3/4. Additionally, 

IH0llffs(R3) < cGNII^rs)), (i-6) 

and the solution scatters. There exist u± € fP(R 3 ) such that 

lim \\u(t) - e ltA u + \\ H sm 3) = 0, 

t-oo (l7) 
1 1 \ — i i — i 



lim \\u(— t) — e ltA U-\\ H sm3\ = 0. 
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In §2, some preliminary facts that are needed will be mentioned. In §3, a 
local well-posedness result will be proved. In §4, a formula for the energy 
increment will be computed. In §5 a smoothing estimate using a bilinear 
estimate will be proved. In §6, the double-layer I-decomposition will be used 
to prove the theorem. 

2 Preliminaries 

Suppose 4>(x) is a smooth function, 

Then it is possible to make a high-low decomposition, 

T(p >N u) = m(i-H^)), (2 - 2) 

U = P<NU + P>NU = Ui + U h . 

Also, define the standard Littlewood - Paley decomposition, 

PnI = u<2N ~ u<N- (2.3) 
We let u < n = P<nu, similarly for un and u > n- 

The I-operator is a Fourier multiplier given by a smooth, radially symmetric 
symbol, 

In ■ H S (R 3 ) — > i/ 1 (R 3 ), (2.4) 
(I N f)(0=rn N (Of(0, (2-5) 

™n(0 = | |e| > 2Ar> (2.6) 

For the rest of the paper, we understand that If refers to the function In!'- 
The operator obeys the following estimates, 

IKIIh s (r 3 ) < II-HIhhr 3 )- 
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II^>aHIlpl«(jxr3) £ (jj + Nl } SM8 )\\VIu\\iZLi(jxB?y ( 2 - 



|||V| 1/2 P >M «||LfLl(JxR3) < (^72 + jv i_ 8 ^ fB _i /2 )ll V/M llLfLg(JxR3)- 

(2-9) 

Strichartz Estimates: A pair (p, q) will be called an admissible pair if 

2 A 1* , 

- = 3---. (2.10) 

p 2 q 

We will also define the Strichartz space (see for example [15J), 

IMIs°(JxR 3 ) = SU P \\ u \\lpl%(JxR3), (2.11) 

(p,<?) admissible 

as well as its dual, 

IMIiV°(JxR 3 ) = . , , , i] ?f II^H p / 3 ., (2.12) 

v ; ip',q') admissible L t L, x {JXH.*) 

where p', q' refers to the dual exponent. If u(t,x) solves the equation 

iu t + Au = F(t), 

(n , (2-13) 

\\ u \\s°(JxB?) ^ II u o||l 2 (R3) + ||-P 1 ||ArO(j x R3)- (2-14) 

Interaction Morawetz Estimate 
Theorem 2.1 Ifu(t,x) solves (II. Ih . then 

H n lllf jX (JxR3) ~ ll u llirL|(JxR3)hll^^i/2 (JxR3) - (2-15) 
Proof: See [7j. 

Bilinear Estimate 
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Lemma 2.2 Suppose 

u{t,x) =e itA u + [ e i( t- T ^F(T,x)dT, (2.16) 
J o 



and 



v(t, x) = e itA v + f e i( '- r)A G(r, x)dr, (2.17) 
Jo 

with uo,F supported on N < |£| < 2N and vq,G supported on M < |£| < 
2M, N « M. Then for any 5 > 0, 



IMIl^(JxR 3 ) < C ( 6 ) m1/2 -S ^ U 0\\lK^) + Filial (JxR3)) (218) 

X (IK (R3) + \\G\\ L l L 2( JxI l3)). 

Proof: See [8]. 



3 Local Well-posedness 

In this section we prove local well-posedness when ||u||^4 (j x r 3 ) ^ s smau - 
To that end, we prove that the norm of u is controlled by the norm of Iu. 

Lemma 3.1 If \\u\\ L 4 (JxR 3) < e, and I : H S (R 3 ) -> H 1 ^ 3 ), 1/2 < s < 1, 
then 



13) < + t^XIIV/uIIso^rs) + 1). (3.1) 



Proof: Make a Littlewood-Paley partition of unity. 

\\P<Nu\\L°°L$,(Jxn 3 ) ~ l|VP</v'"||L t ° L 2 .(JxR 3 ) < II 1 1 ,50 ( j xR 3) . (3.2) 

Interpolating with ||-P<i\r^||z,4 (j x r 3 ) — e i 

\\P<Nu\\ L6tLr{JxRS) < e 2/3 ||V/n||y o 3 (JxR3) . 
This takes care of the P<n part. On the other hand, 
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P NM\ L l L ^ (Jxm £ A j /2 |l n ll L 6 i 18/7 (JxR3) < ^ „ 1/2 || V/U|| 5 (JXR3) 



1 1 



(3.3) 



Summing over Nj > N gives the bound for P > nu. □ 
Theorem 3.2 Suppose J is an interval such that 

\H\lI x {Jx-r?) < e> 
and E(Iuq) < 1. Then (jl.jp is locally well-posed on J, and 

l|V/u|| s o (JxR 3) < 1. (3.4) 
Proof: A solution satisfies the Duhamel formula, 

Iu(t, x) = e ltA Iu + I e l(t - T)A I{\u\ 2 u){T)dT. (3.5) 
Jo 

using dam 

II V/U I|S0(JXR3) < l|VlUo|| L 2 (R 3) + ||VJu|| £; 2 i 6(J xR 3)||n||^ 6i .9 /2{JxR3) 

< ||V/uo||r»(aa) + (e 4/3 + ^)(HV/n||^ 3 (JxR3) + \\VIu\\ 3 sQ{JxR3) ). 
Applying the continuity method proves the theorem. □ 

4 Energy Increment 

In this section we prove an estimate on the energy increment. For short time 
the estimate is identical to the estimate found in [7J, however, this estimate 
is more conducive to long-time energy estimates, which will be used in later 
sections. 

Theorem 4.1 If u is a solution to and J is an interval with 

then 
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^ sup \E(Iu{h)) - E(Iu(t 2 ))\ < ^-||V/P >c ^||2 ?Lg(JxR3) + 0(-^), 

(4.2) 

where c > is some constant. 

Proof: To prove this, recall the formula for energy, (jl.4p . 

E(Iu(t)) = ^J \VIu(t,x)\ 2 dx + j J \Iu(t,x)\ 4 dx. (4.3) 



—E(Iu(t)) = -Re I (Id t u(t, x))I(\u(t, x)\ 2 'u(t, x))dx 
at 



(4.4) 



+Re J (Idtu(t, x))\Iu(t, x)\ Iu(t,x)dx. 

Since 

Iut = iAIu — il(\u\ 2 u), 
it suffices to estimate two terms separately. 

t 2 



Re I I (iAIu(t,x))[I(\u(t,x)\ 2 u(t,x)) - \Iu(t,x)\ 2 Iu(t,x)]dxdt, (4.5) 
and 



Re J J {il(\u(t, x)\ 2 u(t, x)))[I(\u{t, x)\ 2 u(t, x)) - \Iu(t,x)\ 2 'lu(t,x)]dxdt. 

(4.6) 

The term (113]) : 

m = Re f 2 [ m\ 2 tobm ^ + ,f?%, - n 

Jt! m{£2)mfa)m{U) (4.7) 

where £ = {£1 + £2 + £3 + £4 = 0} and d£ is the Lebesgue measure on the 
hyperplane. Take a Littlewood-Paley partition of unity. Without loss of 
generality let N 2 > N3 > N4. Consider a number of cases separately. 



Case 1, N 2 << N: In this case 

m(6 + 6 + &) 



m(£ 2 )m{&)m{U) 



1 = 0. 
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Case 2, N 2 > N, N 3 « N: 

Case 2(a): N4 > In this case, apply the fundamental theorem of calculus. 

m{N . 1+N+Nl) _ * 

m{N 2 ) N 2 

Therefore, 



W ~ Y ]y4ll P ^i V/u llifi|(JxR3)ll- P Ar 2 VIu|| i 2 i 6 {JxR 3 ) 
N<N 1 ~N 2 2 



X 



/I ^3||^A r 3^llLf , L2(JxR3)||^V 4 ^ u llL t °°L6(JxR3)) 



■j^<N 4 <N :i «N 



< ||V/u|||o (JxR 3J ^ ^ - l|fjVlV/n|| L 2 L 6 ( J xR 3)|lPAr 2 V/u|| L 2 L 6( JxR 3), 



jV<JVi~iV 2 

~ iV^ll jP>cJvV/n lli t 2 ^(^xR3)H V/u llsO(JxR^)- 
The last estimate is by Cauchy-Schwartz. 

Case 2(b), N A <^: In this case, combine the Sobolev embedding theorem 
with the bound on ||u||^4 (j xR 3), 

\\ p nM\l%ij°°{jxb*) ~ N 1 /A \\ P nA\lI x (j*tV) i$ . (4.8) 

In this case, 



^ ~ Y ^\\ p N 1 ^Iu\\ L i L 3 {JxR 3 ) \\PN 2 ^Iu\\^ L 3 {Jx - R 3 ) 

N<N!~N 2 2 



Y N 3\\ P Nj^LfL%{Jxn3)\\ P Nju\\ L i L ^(j xR 3) 

N4<jp;N4,<N 3 «N 



~ ^7^H Wn ll5°(JxR3)- 



s 



Case 3, N 2 >N,N 3 > N, N 2 ~ Nn 



Case 3(a), N± > -j^: In this case, crudely estimate 



iV 2 

m(N 2 + N 3 + N 4 ) 



II < 



1 m{N 2 )m(N 3 )m(N 4 ) 1 ~ m{N z )m{N A ) 



^ ~ Z ^"H P JVi V/u llL?LE(JxR3)ll P iV2 V/u llL 2 L6(JxR3) 



Af 3 >A'';A''4>- 1 



1 x ^ i M~\ „ 1 



^ N 3 m(N 3 )m(N 4 ) ~ ^ AWjy^ V 7 _/y 1_s ~ iV 1 

^<N 4 <N 3 ;N<N 3 <N 2 V ^ V 7 N<N 3 <N 2 J V ^ 

Summing iVj ~ ./V2 by Cauchy - Schwartz, 

3 < ^irll'P>CivVJu||^ ig(JxR 3 ) ||VJtt|||o (JxR 3 ) . 



Case 3(b), N 4 < j^: In this case, 

m(iV 2 + iY 3 + N 4 ) . < 1 
' m(N 2 )m(N 3 )m(N4) '~m(JV 3 )" 

Once again, use the Sobolev embedding theorem combined with ||u|| L 4 (j xR 3) < 
e. 

<S23> ~ S ^-|l P A r l V/M lli4L3(JxR3)II^V 2 V/n|| L 4 L 3 (JxR 3 ) 

N<N!~N 2 2 

X ^-^^ll P ^3V^|U4 L 3 (JxR3) ||PiV 4 /«||Lfi-(JxR3) 

Na<^;N 3 >N 
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6 3 

~ ]^72^" WM " 50 (• 7xR3 )• 



Here again we use Cauchy-Schwartz in N± ~ N 2 . 
Case 4, N 2 >N,N 2 ~ N 3 , Nx < N 2 : 

Case 4( a )> -^4 > Once again, make the crude estimate on the multiplier. 



^ ~ E m ( N M N . 9 ll P ^ V/u II^Lg(JxR3)ll^3VJn|| Lt2L a (JxR a ) 
N<N 2 ~N 3 V 4> 6 



X E ^^ll^iVI«||x|°L2(JxR»)ll^4^llLf'rg(JxR3) 

Ni<N 2 ;^<N 4 <N 3 

~ ^T^II P > cArV/u lli?L6(JxR3)ll V/u ll|o(JxR3)- 

Case < As usual, use the Sobolev embedding. 



E NimfNjN ^, ll P ^ V/n ll^^(JxR3)ll^3V/n|| L 4 L 3 (JxR3) 
N<N 2 ~N 3 y 6> 6 



E ^lll- P A r i V/u llLfL3(JxR3)II^V 4 ^llL4L-(JxR3) 
Ni<-±z;Ni<>Ni 



1 1 3 

- ^7^H Wm Hs°(JxR3)- 



Combining all these cases together proves theorem 14.11 for (|4.5|) . 
The term (|4.6p : To estimate this term, a lemma is needed. 
Lemma 4.2 

|!PM/(|n| 2 n)|| LL(JxR3) < + ^HV/uHlo^HS). (4.9) 
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Proof: Decompose u. Let ui = P<nu and ui + Uh = u. 



||V/(|^| 2 ^)lli? i!C (JxR 3 ) ^ H V/,u llL?L6(JxR3)ll^lll r L«(JxR3) < II V/n ll|o { JxR3) • 

||V/(|u J | 2 tifc)|| i a a(JxR 3j < ||VJ«|| L 2 i 6 (JxR 3 ) ||Uz|| 2 ?oi 6 ( J ><R 3 ) < ||VJu|||o (JxH 8). 

Make a similar argument for ufuh- 

l|VI( n lli|L^/ 5 (JxR 3 ) — H^^ U lli?iE(JxR 3 )ll n dlL^L6(JxR 3 )ll' u ^lli?°ii(JxR 3 ) 



^^HV/n|||o (JxR3) . 

Then apply the Sobolev embedding theorem. Make a similar argument for 
u 2 h ui. Here we applied (|2.8p and (|2.9p . 

||-P>iV«||i,«i^(jxR») i$ ^l|V/u|| L -L2(jxR 3 )- (4-10) 



||vi(K|V)|| - H V/W Hi: t 2 i,|(JxR.3)||'"/ l || 3 

1 (4.11) 

^^H V ^ll|o(JxR 3 )- 
Finally, using the elementary inequality, 



||P A/ /(/(i,x))|| iUjxR 3) < ^||V/(/(t,x))|| LL(JxR3) , (4.12) 
gives the lemma. □ 

The nonlinear term is a 6-linear term. Let £123 = £1 + £2 + £3 and iVi23 = 
N l + N 2 + N 3 . 



Jti Jz m(^ 4 )ni(6)m(C 6 ) (4.13) 

x Cs)Mt, e 6 )« 
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where £ = {£1 + £2 + £3 + £4 + £5 + ^6 = 0} and d£, is the measure on the 
hyperplane. Make a Littlewood-Paley partition of unity and assume without 
loss of generality N& > N5 > Nq. 

Case 1, N4 << N: In this case the multiplier is = 0. 

Case 2, N4 > N, N§ << N: In this case the fundamental theorem of 
calculus will again be used. Because N$,Nq « N123 ~ N4. 



Case 2(a), N 6 > 4 



m(& + & + &) !|<M. (4.14) 



2»< ^ 



1 



jy" 11^123 J (M U )llL t 2 ;c (JxR3)II^V4 /u llL2L6(JxR3) 



x XT ^5||-PAr 5 ^'"'llL t ° L|(JxR3)II^A r 6^ u llL t c,0 L|(JxR3) 

jp<N 6 <N 5 «N 



< ln(iV)iSr||V/u|||o (JxR3) £ ^(]vb+^ S ^rllV/tilllo^j. 

N<N 4 ~N 123 4 

1 „ 
~ ]^2rll V/u lls°(JxR3)- 

Case S^;.- iV 6 < ^: 

M ~ X] ^ll P A r i23 / (k| 2u )lli t %(JxR3)ll^7V4^llL4L3(JxR3) 



A r <A r i23~A r 4 



x ^5||^V 5 ^w||x|°I,|(JxR 3 )ll- P iV6^||Lfi«'(JxR3) 
N 6 <N 5 «N;N 6 <^ 

V" 1 1 s -/V 1 5 

S ^ + ^ J M^ l|VJU ^°(^xR3)e 

N<N 123 ~N4, 4 



12 



< 6 



^rll v/w lls°(jxR3)- 



Case 3, N§ > N, N± ~ N123: Here make the crude estimate, 

1 m ^ + & + &) 1{ < 1 (415) 



m(£ 4 )m(£ 5 )m(£ 6 ) ~m(£ 5 )m(£ 6 )' 
Case Sfa}, N 6 >^: 



N 



S}< ll P iV 123 i"(|«| 2 n)|| L 2 :c(JxR 3 ) ||PjV4^|lz,fL6 ( J ><R 3 ) 

Ar<Ar 4 ~7V 123 



^ m(iV5)m(Ar 6 )ll P ^^llL-L6(J X R3)||PiV 6 i"«||L-Lg(JxR3)- 
7t<N 6 <N 5 ;N<N 5 



— wkf — ~ (ln(iV) + ^i)ii v/u i^°(^xr 3 )- 

^-<Ar 6 <7V 6 



l|V/n|| 5 o {JxR3) — — ||P V5 /n|| L? o L 6 (JxR 3 ) (ln(iV) + ^| : 
N<N 5 <N 4 K ' 



at2(1-») 

^( ln ( Ar ) 2 + ]^))ll V ^ll|o(JxR3)- 



So in this case, 



1 N^~ s 1 1 

» < l|V^|||o (JxR3) £ iV (ln(iV)+ A^ )2 i^ ~ ^H V/u HW> 

N<N 4 ~N 123 

Case 3(b), N 6 <^: 



W < H P A r 123 / (l U | 2 '")llL t %(J xR 3 ) ||P7V 4 /u|| L 4 L 3 ( J xR 3 ) 

N<N 123 ~N 4 
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X] m(iV ) ll jP/V 5 / ^IU i °°L6(JxR3)l|-P^6 Jn llL4L^(JxR3) 



^ 1 11 iV]" 8 e 5 

iV<iV 123 ~AT 4 



< e „T7r..ll5 



AT7/2- 



l|V/n||| 0(JxR3) . 



Case 4, A^ 5 > N, N4 ~ ./V5, -/V 12 3 < -/V 4 : Once again use the crude estimate. 
Case 4(o;, N 6 >-^: 



W ~ m (iV ) H Pjv 4^)llLfL|(JxR3)ll- P iV5^llLfLl(JxR3) 

N<Ni~N 5 ^ b ' 



[ m (j\f ) ll P ^i23 / (l n l 2n )llL2Lg(JxR3) 11^6^11^°° Lg(JxR3) 



+ 

-±r<N 6 <N 5 ;N 123 < 



z iiv^ii!o (Jxr3) 



3/2 

^<Ar 6 <JV s ;^<iV 12 3<Ar4 ^r<Mj<MsiMas<^r 6 

1 „ 
~ 7^ll V/u llsO(JxR3)- 

Case 4(b), N 6 <^: 
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Yl ^7^Tll P W4^IU-L2(JxR3)||i : ^5^llL4L3 ( J xR 3 ) 

N<N 4 ~N 5 V ' 
X[ Y \\ P Ni23 Iu \\L^ t L^(JxR, 3 )\\ P N a Iu\\LtL^(JxR^ 

+ \\ P Nj23I u \\l%L%(JxI&)\\ P N 6 Iu\\l*L™(JxR?)\ 

^<Ni23<N 4 ;N 6 <^ 



s iiv/«ii|. ( , xR » ) E m^^+^w+w^ 

- ^77^ll V/M ll^(JxR3)- 



This concludes the proof of theorem 14.11 □ 

5 A Smoothing Estimate 

In this section we take advantage of lemma 12.21 to prove a smoothing-type 
estimate for the Duhamel term. 

Lemma 5.1 Take Nj < N, if \\u\\ L 4 (j x r3) < e, then 

II^V,>| 2 ^IIl1L2(JxR3) £ ■^\\Pn^I(\u\ 2 u)\\ l i L 2 {JxR 3 ) < Jjr\\VIv-\\s°(JxB?y 

(5.1) 

Proof: The first inequality follows from Littlewood-Paley theory. 

||-P J Y j VI(|«| 2 tt)|| r i i a ( j xIl s) < \\VIu\\l*l»(JxX?) 

x (ll- P <l'"llLfi|(jxR 3 ) + H P >i n lli4L6( JxR 3))- 
By the Sobolev embedding theorem, 

II P <HIz4I4(JxR3) < (JXR3)" 
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On the other hand, 

1/2 

II^Wfc u llt4 L 6(j xR 3) < N k || J PAr fe n|| 5 o ( j xR 3 ) . 

Therefore, 

II P >HIl4L6 { j xR 3) < ^ — JJ^\\ V/U|| 5 0(J XR 3) 

l<N k <N N k 

+ E 8-1/2 — s I|V/«||S0(J X R3) < ||V/«||so (J xR3)- 



K ' N 1 - 



□ 



Theorem 5.2 Suppose J = [0, T] is an interval with ||u||x,4 (j xR 3) < e and 
||V/tio||z,2( R 3) < 1. T/ie solution has the Duhamel form 

u(t) = e itA u + f e i( ^ r)A (|n| 2 n)(r)dr = u'(t) + u nl (t), (5.2) 

JO 



with 



\\P >N VIu nl \\so { j xn s) < ^T(l|V/n|| 5 o (JxR 3) + ||V/«||^o (JxRS) ). (5.3) 

Proof: Split n = ui + Uh with = P<n/2Q u - Since P>jv|w/| 2 u; = 0, it suffices 
to consider 0{u 2 Uh). 



||V/(|ui| 2 «ft)l|jvo(JxR8) < l|V/0((P>m / )(P > ^n z )n fe )|| L?L 6/5 (JxR 3 ) 



+ ||V/O((P< 1 n0(P > ^n0n,)|| L 4 / 3 L 3/ 2(JxR3) 



+ ||V/(|n<^| 2 n /l )|| L i L 2 (JxR 3 ) 



1 iV 1- * 5 

~( E ^-r/^)ll V/u ll^(^R3)(l|V/n|||o (JxR 3 ) + ||V/n|||o (JxR 3 ) ) 
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1 N 

+( E ^-T72^)(ll V/u ll|o(JxR3) + l|V/«|||o (JxR 8 ) )e 

1 2 

+ ^I72ll V/u lls°(JxR3)e 

1 fi 
~ ^T72-|l V/n ll5 (^xR3)(l + llV/ullsrofjxRS)). 

The term ufiih follows similarly. The other terms are easier to estimate. 

I|V/(K| 2 U0|| L 2 L 6/5 (JXR3) < ||V/u|| L 2 L 6 (JxR 3)||n h |[ L? o L 2 (JxR 3 ) ||n i || i oo i 6 (JxR 3 ) 

1 3 

N*-" U ''S (JxB?)- 
A similar calculation can be made for uiu\. Finally, 

||V/(|u /l | 2 n /l )|| i l i 2 (JxR 3 ) < l|V/n|| L 2 L 6 (JxR 3 ) ||^|| 2 : 4 L 6 {JxR 3 ) < jyirl|V/u|||o(J xH 8). 

This proves the theorem. □ 

6 Double Layer I-decomposition 

Now we finally have enough tools to prove the main theorem. 

Theorem 6.1 Suppose s > 3/4. Then is globally well-posed on [0, oo). 
Moreover, \\u(t)\\ff S m3) < C(s, \\uo\\h s (r 3 ))> an d there is scattering. 

Proof: In three dimensions, is H 1 / 2 - critical. That is, if u(t, x) solves 
dUl on [0,T], then ju(^,f) solves (TT]| on [0,A 2 T]. This scaling leaves 
the H 1 ' 2 norm invariant. We will denote the rescaled solution u\(t,x). 

||«A(0,ac)||i,2(R3) = A 1/2 ||no||i2 (R 3), (6.1) 

ll«A(0,x)||ji (R s) = A _1/2 ||u HjifRS). (6.2) 
Combining the scaling identities with the estimates on the / - operator, 
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/Qjy2(l—s) 
|Viu 0jA (x)[ 2 <ix < ^ ||"ollg«(R3). 

Choose A ~ iV^iTa so that E(Iu ) < \. Define a set 

W = {t : £?(I« A (*)) < (6.3) 

Since G W, W ^ 0. Also, by the dominated convergence theorem, W is 
closed. So it remains to prove W is open. 

If [0, T] = W, then there exists (5 > such that E(Iu\(t)) < 1 on [0, T + S\. 

||-P<iH|£oo£l/2 (JxR 8) ^ ll n 0|lL / 2 2 (R 3 ) l|V/u||^ L 2 (JxR3) . (6.4) 

Also, 

ll P >AHL ri jy2 (JxR3) < ^HV/tilUcoLacjxRS). (6.5) 
Combining the interaction Morawetz estimates 

dB3D and (|fi3i 

ll^ll^^^j^s) ^Civfe 1 . (6.7) 

3(l-s) 

Partition [0, T + 5] into ~ N 2 s - 1 subintervals with 1 1 it a 1 1 x,^ (J fc xR 3 ) — e f° r 
each Jfc. 



Now we will make use of a double-layered I-decomposition utilized in [9]. 
Subdivide [0, T + 5] into subintervals J k , each is the union of N 1 / 2 - 
subintervals Jk,m with ||wa||l 4 (j fem xR 3 ) — 6 on each such subinterval. We 
will refer to the intervals J k as the big intervals, and the subintervals Jkm 
as the little intervals. 



Take the first big interval J k . Crudely, by P~2|) . E(Iu(t)) < 1 on this 
big interval. Subdivide J k = J k , m , let J k , m = [a m ,b m ], a = 0, 

a m +i = b m . The solution on J k ,rn will be written in the form 
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J(t-a m )A uM + u nl^ = el tA Uo + ^ ^(t-a^A^^) + U#(t). (6i 



TV 1 / 2 " 1 

SUp |S(Ju(t!)) - E(J U (* 2 ))| < + ^PycNVIuf^j^y 

(6.9) 

Now, by (IfTHD . 



Afl/2- 

|P >c 7vV/n|| i 2 i 6 {JxR 3 ) < ||P >c i V V/no|| L 2 (R 3 ) + ^ || VP> c jvJu m(^m) ||l2(R 3 ) 

m=l 

ATV2- 

1/2 



( X] H^>^ V/u ^llL?Xi(J fc>m xR3)) 1/ 



m=0 



l|VIW ||i|(R3) < 1, 

which takes care of the first term. Similarly, by (|5.3|) . 

Afl/2 

ATl/2 



X \\VIu%(a m )\\ LUm <_^_ = l, 



(6.10) 



which takes care of the second term. Finally, 

m=0 

In particular, this proves 

sup \E(Iu(h)) - E(Iu(t 2 ))\ < -L (6.11) 
ti,t 2 eJ k iV 

When s > 3/4, 

3(l-s) , 

CW^r << jV / , 
so choosing iV sufficiently large proves 
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sup E(Iu x (t)) < (6.12) 

[0,T+<5] 1U 



This proves W = [0, oo). 



Finally, we prove scattering, following the argument in [7j. There is some 
N such that 

E(Iu x (t)) < 1 (6.13) 
on [0, oo). By the interaction Morawetz estimates, (|6.7p . 

\\u\\\lI x ([o,oc)xI13) < C. (6.14) 

Recall that by (pTL|) . 

II M Hl64/ 2 (JxR3) ~ ( £2/3 + ^)ll V/w ll50(JxR3). (6.15) 
Therefore, on each subinterval Jfc jm , 

IHIl^JxRB) £ + 



Let 



S s (t)= sup IIW'ullifiK^xRS). (6.16) 

(p,q) admissible 



s s (t) < IKv} 5 ^!!^^) + 1| (V) s u|| L | i 6 ( j xR 3 ) \\ u \\ 2 L 6 L 9/2 {JxR3) 

<ll(V)^o||L W +^W( e4/3 + ^)- 

So for e > sufficiently small and iV sufficiently large, this proves S s (t) is 
bounded on the first subinterval. Iterating over a finite number of subinter- 
vals proves Z s {t) < C < oo for t £ [0, oo). In particular, this proves 

IMIh"(HS) < c (\\ u o\\h*(r?))- (6-17) 

Now set 

/•oo 

u+ = u + e- irA \u(T)\ 2 u( y T)dT. (6.18) 
Jo 
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/•oo 

\\(Vy(e UA u + -u(t,x))\\ LliR3) = || J (Vye-^\ u (T)\ 2 u(T)dT\\ Ll(R3) 
< ll(V} s u|| L io/3 ([T)0o)xR 3 ) ||n||2 L([T ^ )xR3) . 

(6.19) 

As T — > oo, ||tt||^4 ([t,oo)xR 3 ) — * 0' on the other hand, 

II«IIl? i „([o,oo)xR3 ) < ll(V) 2/3 n|| i?L i8/ 7([0)Oo)><R 3 ) < S 2/3 (t) < oo, (6.20) 

by (|6.16|) . Interpolating proves \\u\\ L s ([t.oo)xR 3 ) ~ > as T — > oo. [7] proved 
the existence of wave operators, which completes the proof of Theorem 11.11 
□ 
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